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Deformed Weitzenböck Connections and Teleparallel Gravity
Victor A. Penas1, ∗
1G. Física CAB-CNEA and CONICET,
Centro Atómico Bariloche, Av. Bustillo 9500, Bariloche, Argentina.
We study conditions on a generic connection written in terms of first-order derivatives of the
vielbein in order to obtain (possible) equivalent theories to Einstein Gravity. We derive the equations
of motion for these theories which are based on the new connections. We recover the Teleparallel
Gravity equations of motion as a particular case. The analysis of this work might be useful to
Double Field Theory to find other connections determined in terms of the physical fields.
I. INTRODUCTION
Teleparallel Gravity (TG or TEGR)1 is an alternative
formulation to Einstein Gravity (EG)[1–3]. It is based
on parallelizable manifolds equipped with the Weitzen-
böck connection (the connection of the parallelization)
rather than the Levi-Civita connection. One of the key
aspects of the theory is that the Weitzenböck connection
furnishes a null Riemann curvature tensor, and since this
connection is metric-compatible, the dynamics of the the-
ory is based only on the torsion. The Weitzenböck con-
nection is of the form Wµν
ρ = ∂µe
a
νea
ρ, where µ and a
are curved and flat indices respectively, and ea
µ is the
vielbein. The vielbein is treated as the fundamental field
of the theory and the metric is interpreted as a byproduct
coming from it. The name of TG comes from the fact that
there is a notion of absolute parallelism between vectors
located at different spacetime points. Indeed, one way to
see this is to notice that the vielbein field is covariantly
constant with respect to the Weitzenböck connection in
a coordinate basis. This means that we can compare
the flat components of a vector field defined at different
spacetime points just like we would do in a global basis
of flat spacetime.
TG has been found to have applications in cosmology by
studying theories called f(T )-Theories [4–10], where T
stands for scalar combinations built out of the torsion.
In general, the local Lorentz symmetry group of these
theories is broken and only a remnant subgroup of it
survives [11–13]. It is easy to see that spacetime tensors
built out of the Weitzenböck connection (for instance the
torsion Tµν
ρ) will not always transform as scalars under
local Lorentz transformations. In fact, the Weitzenböck
connection itself, in a coordinate basis, does not trans-
form like a scalar under local Lorentz transformations
but under global ones. Global transformations bring the
immediate worry about extra degrees of freedom coming
from the vielbein, since in D = 4, six out of the 16 com-
ponents of the vielbein are gauged away by local Lorentz
transformations. However, since the TG action turns out
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1 Unless otherwise stated, in this work when we refer to TG we
mean the standard teleparallel equivalent to general relativity.
to be equal to the Einstein-Hilbert action, up to a bound-
ary term, the equations of motion of TG are equivalent to
the Einstein equations and thus the theory enjoys local
Lorentz symmetry.
The TG idea has also been applied to Double Field The-
ory (DFT) [14–16], which is a string-inspired field the-
ory with manifest T-duality symmetry. In DFT, many
geometric notions like diffeomorphisms, covariant deriva-
tives (connections) and curvature tensors arise in a nat-
ural and generalized way. In fact, its geometric structure
is closely related to generalized geometry [17]. However,
in contrast to General Relativity, the DFT version of
the Levi-Civita connection has not all of its components
fully determined in terms of the physical fields, but only
some projections of the connection are. This also implies
that the DFT curvature tensor is not fully determined in
terms of the physical fields [18]. In an attempt to deter-
mine the connection in terms of the physical fields, the
TG version of DFT was considered [19]. The connection
was set equal to the Wetizenböck connection. The re-
sulting theory, based on this connection, reproduces the
DFT action (up to a boundary term) and the dynamics
is based on the (generalized) torsion. Similarly as in TG,
the DFT action possesses a local double Lorentz sym-
metry but the generalized torsion transforms only under
global double Lorentz transformations.
Motivated by this global-local mechanism of TG, and in-
spired by the necessity of DFT to consider other con-
nections determined in terms of the physical fields of the
theory, we will try to obtain equivalent theories to EG de-
fined by other connections rather than the Levi-Civita or
the Weitzenböck connection. These connections should
be determined in terms of the vielbein and its derivative.
Although these connections will transform under global
Lorentz transformations, the resulting theories will pos-
sess local Lorentz symmetry. Our starting point will be
the most general connection written in terms of first-
order derivatives of the vielbein2:
Γµν
ρ = Wµν
ρ − a1
(W )
T νµ
ρ + b1
(W )
T ρ µν + b2
(W )
T ρ νµ
−c1gµν
(W )
T σ
ρσ − d1δµ ρ
(W )
T ν
σ
σ − d2δν ρ
(W )
T µ
σ
σ. (I.1)
2 We will not consider terms that could involve the epsilon tensor
ǫµνρσ .
2Where
(W )
T µν
ρ = 2W[µν]
ρ is the torsion of the Weitzen-
böck connection3 and gµν is the spacetime metric. This
connection is parametrized by six real parameters and
it does not have any symmetry requirement imposed on
its indices so it will yield, generically, torsion and non-
metricity. In a coordinate basis, this connection trans-
forms in a proper way under general coordinate trans-
formations and is a scalar under global Lorentz transfor-
mations. This means that for generic coefficients, the
local Lorentz symmetry is broken (see, however, below
equation (II.11)).
The rest of the paper is organized as follows. In sec-
tion (II) we will introduce the notation used in the paper
and show how to obtain different actions equivalent to
the Einstein-Hilbert action for connections with generic
features. We will not talk about matter coupling so the
theories obtained from the generic connections will be
equivalent to EG in vacuum. In section (III) we will
find constraints on the parameters of (I.1). The param-
eters that satisfy these constraints will give the desired
connections that allow for actions equivalent, up to a
boundary term, to the Einstein-Hilbert action and we
will analyze particular values of these parameters. In
section (V) we will obtain the equations of motion for
these theories based on the new connections. In section
(VI) we summarize our work.
II. NOTATION AND IDEA
We will work in D = 4 spacetime dimensions, µ, ν... are
curved indices and a, b... denote flat indices. Our funda-
mental field is the vielbein ea
µ and we define the metric as
a byproduct gµν = ηabe
a
µe
b
ν . Here ηab is the constant
Minkowski metric. The vielbein satisfies ea
µebµ = δa
b
and eaµea
ν = δµ
ν where we raise and lower curved and
flat indices with the metric gµν and ηab respectively. We
define the flat derivative Da = ea
µ∂µ. It is useful to
introduce the following quantities:
Ωab
c = Daeb
ρecρ, τab
c = 2Ω[ab]
c. (II.1)
Here τab
c are the anholonomy coefficients. The Riemann
curvature tensor is defined as follows:
Rµνρ
σ = ∂µΓνρ
σ − ∂νΓµρσ − ΓµρλΓνλσ + ΓνρλΓµλσ.
(II.2)
For generic affine connections the Riemann tensor is only
antisymmetric in the first two indices. In a metric-affine
3 We are using the following conventions on indices: (ab) = 1
2
(
ab+
ba
)
and [ab] = 1
2
(
ab − ba
)
. In section (III) we will denote
quantities associated with the Weitzenböck connection with a
(4) as superscript, e.g.
(W )
T µν
ρ =
(4)
T µν
ρ.
spacetime the affine connection admits a general decom-
position of the form:
Γµν
σ =
{
σ
µ ν
}
+Kµν
σ + Lµν
σ, (II.3)
where the Christoffel symbols, contorsion tensor and the
Lµν
ρ tensor are given respectively by:
{
σ
µ ν
}
=
1
2
gτσ (∂µgντ − ∂τgµν + ∂νgτµ) , (II.4)
Kµν
σ = −1
2
gτσ (Tµτ
ρgρν − Tτνρgρµ − Tµνρgρτ ) , (II.5)
Lµν
σ = −1
2
gτσ (∇µgντ −∇τgµν +∇νgτµ) . (II.6)
Here, the torsion is Tµν
σ = 2Γ[µν]
σ and the covariant
derivative is defined as∇µVν = ∂µVν−ΓµνρVρ. The com-
bination Qµνρ = ∇µgνρ is known as the non-metricity
tensor. When we plug the above decomposition in (II.2)
we obtain:
Rµνρ
σ(Γ) = Rµνρ
σ({}) +
({})
T µν
λCλρ
σ
+ 2
({})
∇ [µCν]ρσ + 2C[µ|λ|σCν]ρλ , (II.7)
where Cµν
σ = Kµν
σ + Lµν
σ and
({})
∇ µ is referred to the
Levi-Civita connection. The Ricci tensor and Ricci scalar
are defined as
Rµν = Rµρν
ρ, R = gµνRµρν
ρ. (II.8)
The decomposition (II.7) on the Ricci scalar
yields:
R(Γ) = R({}) +
({})
∇ µCσµσ −
({})
∇ σCµµσ
+ Cµλ
σCσ
µλ − CσλσCµµλ. (II.9)
The Levi-Civita connection is torsionless and metric-
compatible, which means that
({})
T µν
σ = 0 and the metric
can pass through the covariant derivative.
The relation between the components of the affine con-
nection written in a holonomic basis and an anholonomic
one is of the form:
Γµν
ρ = Wµν
ρ + ebνec
ρwµb
c. (II.10)
For instance, if Γµν
ρ is the Levi-Civita connection then
wµa
b is the usual spin connection (II.12). For simplicity,
we will refer to wµa
b as a gauge connection. By inserting
(I.1) in (II.10) and using Wµν
ρ = −eaµebνecρΩabc the
gauge connection gets the following form:
wab
c = a1τba
c − b1τc ab − b2τc ba + c1ηabτd cd
+ d1δa
cτb
d
d + d2δb
cτa
d
d. (II.11)
3The above gauge connection transforms as a scalar un-
der diffeomorphisms. However, for generic coefficients, it
does not transform like a gauge connection under local
gauge transformations, but only global ones. In fact, if
we force this connection to transform under local Lorentz
transformations we see that the only possibility is with
a1 = b1 = b2 = −1/2, c1 = d1 = d2 = 0. This is
precisely the coefficients for the Levi-Civita spin connec-
tion:
({})
w ab
c =
1
2
τab
c +
1
2
τc ab +
1
2
τc ba. (II.12)
In planar indices, the Riemman tensor (II.2) takes the
form:
Rabc
d =Dawbc
d −Dbwac d − wac ewbe d
+ wbc
ewae
d − τab ewec d. (II.13)
Similarly as before, the Ricci tensor and the Ricci scalar
are of the form Rab = Racb
c and R = ηabRab respec-
tively.
The idea is to use the connection (II.11) (or equivalently
(I.1)) and find conditions on the coefficients (a1, b1, b2,
c1, d1, d2) such that the Ricci scalar for this connection
vanishes. In this way, we obtain an equality between the
usual Einstein-Hilbert action and an action with C-terms
(up to a boundary term). Indeed, consider the Einstein-
Hilbert action with the scalar curvature (II.9):∫
dx4
√−gR(Γ) =
∫
dx4
√−g
(
R({})
+ Cµλ
σCσ
µλ − CσλσCµµλ
)
. (II.14)
We have dropped out the covariant derivative terms since
they form a total derivative. By setting R(Γ) = 0 in
(II.14) we simply obtain:∫
dx4
√−gR({}) =
= −
∫
dx4
√−g (CµλσCσµλ − CσλσCµµλ) . (II.15)
We stress again that the above equality should be un-
derstood up to a boundary term. In the second line of
(II.15), the tensor Cµν
ρ depends on the general connec-
tion Γ (I.1). This means that connections that furnish a
null Ricci scalar can be used to yield an action equivalent
to the Einstein-Hilbert action by using its torsion and/or
non-metricity. This is indeed the case for the usual TG,
where the right hand side of (II.15) reproduces exactly
the teleparallel action with Cµν
ρ(W ) = Kµν
ρ(W ) (see
section VA).
The reader might be worried about the fact that we are
considering global Lorentz transformations. But all of
the connections we will obtain reproduce theories which
possess local gauge transformations as established by the
action (II.15), reducing in this way the number of degrees
of freedom of the vielbein. This is the same mechanism
as in teleparallel gravity4 where the affine connection is
chosen to be the Weitzenböck connection Wµν
ρ which
is invariant only under global Lorentz transformations
but the resulting theory turns out to have local Lorentz
symmetry.
For simplicity we will mostly work with flat indices. The
usual Einstein-Hilbert action with Levi-Civita connection
after a partial integration is of the form:∫
dx4
√−gR({}) =
∫
dx4
√−g
(
− τaccτabb
+
1
2
τa b
cτac
b +
1
4
τab cτab
c
)
,
(II.16)
where we have used (II.13) and (II.12). Equation (II.15)
then gets the form:
∫
dx4
√−g
(
− τaccτabb + 1
2
τa b
cτac
b +
1
4
τab cτab
c
)
= −
∫
dx4
√−g
(
Cab
cCc
ab − CcbcCaab
)
.
(II.17)
III. EQUATIONS FOR COEFFICIENTS
As mentioned before we would like to find conditions on
the coefficients of the general connection (II.11) such that
the Ricci scalar of this connection vanishes. We plug
(II.11) in the Riemann tensor (II.13) and contract in-
dices to obtain the Ricci scalar. The result is the follow-
ing:
R(w) =Daτa
b
b
(
a1 + 2 b2 + 3 c1 + 3 d1 + b1
)
+ τabcτabc
(
a1b1 − b1b2 − a1b2 − b2
)
+ τabcτacb
(
− a1a1 + a1b2 − a1b1 − b1b1
+ b1b2 − b2b2 − a1 − b1
)
+ τb
c
cτ
ab
a
(
− a1b1 − b1b2 + 2 b1c1 − 4 b1d1
− a1b2 − b2b2 − 2 b2c1 − 2 b2d1
− 4 a1c1 + 3 c1c1 − 12 c1d1
+ 2 a1d1 + 3 d1d1 + c1 + d1
)
;
(III.1)
All of the terms are independent of each other so in order
to obtain a null Ricci scalar we must set each parentheses
4 At least for the usual teleparallel gravity which is equivalent to
Einstein gravity (TEGR). As mentioned in the introduction, the
Lorentz transformations in f(T )-gravities are more subtle.
4to zero. This defines a set of four quadratic equations for
five variables (a1, b1, b2, c1, d1). Note that the coefficient
d2 has dropped out from (III.1) but does not drop out
from the Riemann tensor nor the Ricci tensor. The rea-
son is the following. It is known that a Riemann tensor
with a generic connection is invariant under:
Γµν
ρ → Γµνρ + δνρ∂µφ, (III.2)
where φ is a scalar. However, the Ricci scalar built from
this generic Riemann tensor is invariant under a relaxed
version of the above equation:
Γµν
ρ → Γµνρ +Aµδνρ. (III.3)
This is due to a contraction between the metric and
∂[µAν]. We can see that the term with coefficient d2
in (I.1) has exactly the same form as in (III.3). We will
come back to this point later.
We might have set to zero the Riemman tensor or
the Ricci tensor in order to obtain equations for the
coefficients. Nevertheless, we analyze the vanishing
of the Ricci scalar because the solutions for this one
includes the cases for a null Riemman and Ricci-flat
tensors. Therefore, teleparallel gravity must show up
as a particular solution to our set of four quadratic
equations derived from (III.1).
Our set of four equations have an infinite amount of
solutions yielding both torsion and non-metricity (and,
in general, a non-vanishing curvature). To simplify the
analysis we consider particular cases in the following sub-
sections.
A. Metric-Compatible case
In this subsection we restrict to the case of metric-
compatible connections, i.e.:
Daηab −wabeηec −waceηbe = 0 ⇒ wa(bc) = 0. (III.4)
The above condition implies
a1 = b1, c1 = d1, d2 = 0, (III.5)
The set of four equations derived from (III.1) together
with conditions (III.5) yield only four solutions which
will be referred to as cases 1 to 4. These are respec-
tively:
a1 = −1, b2 = −1, c1 = 2/3, (III.6)
a1 = −2/3, b2 = −4/3, c1 = 2/3, (III.7)
a1 = −1/3, b2 = 1/3, c1 = 0, (III.8)
a1 = 0, b2 = 0, c1 = 0, (III.9)
Replacing cases 1 to 4 in the general connection (I.1) we
obtain the following connections, respectively:
(1)
Γ µν
ρ = Wµν
ρ +
(W )
T νµ
ρ −
(W )
T ρ µν −
(W )
T ρ νµ
− 2
3
gµν
(W )
T σ
ρσ − 2
3
δµ
ρ
(W )
T ν
σ
σ. (III.10)
(2)
Γ µν
ρ = Wµν
ρ +
2
3
(W )
T νµ
ρ − 2
3
(W )
T ρ µν − 4
3
(W )
T ρ νµ
− 2
3
gµν
(W )
T σ
ρσ − 2
3
δµ
ρ
(W )
T ν
σ
σ. (III.11)
(3)
Γ µν
ρ = Wµν
ρ +
1
3
(W )
T νµ
ρ − 1
3
(W )
T ρ µν +
1
3
(W )
T ρ νµ.
(III.12)
(4)
Γ µν
ρ = Wµν
ρ. (III.13)
Equivalently, we use (II.11) with the above coefficients.
As expected, one of the solutions (eq. (III.13)) is the
Weitzeböck connection.
The above connections (III.10)-(III.13) are metric com-
patible (the non-metricity tensor vanishes) and present
non-vanishing torsion. Thus, only the contorsion tensor
Kab
c will contribute to (II.17). The contorsion tensor for
the metric-compatible case is equal to:
Kab
c = Cab
c = wab
c − ({})w abc. (III.14)
It is straightforward to check that (II.17) is satisfied for
the four cases when plugging (III.14) in (II.17). That
is:
(i)
Kab
e
(i)
Kec
bsca −
(i)
Kab
a
(i)
Kec
bsce =
= −1
2
τabcτacb − 1
4
τabcτabc + τ
ba
aτb
c
c, (III.15)
with i = 1, · · · , 4 labeling cases 1 to 4. We want to
remark that the above connections not only yield non-
vanishing torsion but also non-vanishing Riemman cur-
vature and Ricci tensors. The only exception being case
4, i.e. the Weitzenböck case
(4)
Γ µν
ρ = Wµν
ρ (only has
non-vanishing torsion).
B. Non-metricity case
We begin studying the simplest case of torsionless non-
metric connection. The condition is:
Tµν
σ = 0⇒ τabc = wabc − wbac, (III.16)
5which implies that the coefficients must satisfy
1 + 2a1 = 0
b1 − b2 = 0
d2 − d1 = 0.
(III.17)
However, equations (III.17) together with the set of four
quadratic equations derived from (III.1) yield no solu-
tion. There have been other attempts for constructing
equivalent theories to EG based purely on non-metricity.
For instance in [20] a vanishing Γµν
ρ was considered,
allowing the theory to be described only in terms of the
non-metricity tensor Qµνρ = ∂µgνρ. This is equivalent
as choosing wab
c = ea
µeb
νecρWµν
ρ. We believe that
if we had allowed an extra arbitrary constant factor
in front of Wµν
ρ in (I.1), then our procedure would
have also yielded this gauge connection as a particular
result. However, the transformation properties of this
connection under diffeomorphisms would have been
compromised.
As said before there are infinite solutions to our set of four
equations presenting, in a generic way, non-metricity and
torsion. Just to analyze a particular case we study the
condition for a Weyl’s space:
∇µgνρ = −2Aµgνρ ⇒ wa(bc) = Aaηbc. (III.18)
Where Aµ is a one-form field (Weyl’s vector field). Since
we want a connection only in terms of derivatives of the
vielbein the only possibility is Aa = ατa
d
d for some real
constant α. This implies the conditions
a1 = b1, c1 = d1, α = d2. (III.19)
These conditions on the coefficients are the same as the
previous case (III.5) except we have a non-trivial condi-
tion on d2. Since d2 does not show up in (III.1), the solu-
tions to the quadratic equations plus (III.19) are the same
as the previous case but with an extra term, i.e.:
(i)
Γ˜ µν
ρ =
(i)
Γµν
ρ − α
(W )
T µ
σ
σδν
ρ, (III.20)
with i = 1, · · · , 4. Although these connections are differ-
ent from (III.10)-(III.13) due to the last term in (III.20),
we must notice that this extra term is just of the form
(III.3) which leaves the Ricci scalar invariant. More ex-
plicitly: Aµδν
ρ = −α
(W )
T µ
σ
σδν
ρ.
IV. GAUGE REDUNDANCY AND DEFORMED
WEITZENBÖCK CONNECTIONS
One might be worry about the fact that the different
connections we are obtaining are, in some sense, gauge
artifacts of the Weitzenböck connection. First of all, we
would like to adopt the point of view that a gauge trans-
formation in this context should be understood as a lo-
cal transformation performed on the vielbein (since the
vielbein is our physical field). We want to stress again
that only when taking global Lorentz transformations,
the connection Γµν
ρ and tensors built out of it are well
defined, in the sense that they transform as a scalar un-
der Lorentz transformations. And only when considering
actions or equations of motion the local Lorentz sym-
metry is restored back. This is completely analogous
to the usual teleparallel gravity case. Thus, if we con-
sider global Lorentz transformations it is clearly not pos-
sible to gauge-transform the different connections into
the Weitzenböck connection. Moreover, if we allowed for
local Lorentz transformations it is not possible neither.
Take for instance the curvature tensor (II.13) with the
general connection (II.11):
Rabc
d(w) =Da
(
a1τcb
d − b1τd bc − b2τd cb + c1ηbcτe de
+ d1δb
dτc
e
e + d2δc
dτb
e
e
)
−Db
(
a1τca
d − b1τd ac − b2τd ca
+ c1ηacτe
de + d1δa
dτc
e
e + d2δc
dτa
e
e
)
+ · · · , (IV.1)
where the dots represent quadratic terms. From the
above derivative terms we see that the only possibility
for the curvature tensor to vanish is that all of the co-
efficients must be set equal to zero, implying that the
Weitzenböck connection is the only connection written
in terms of derivatives of the vielbein that makes the
curvature tensor to vanish. So, if the connections we
have obtained so far were gauge-transformed (under lo-
cal Lorentz transformations) of the Weitzenböck connec-
tion, it would imply a vanishing curvature tensor for these
connections. As we have stated in the previous examples,
this is not the case. More generally, different set of coef-
ficients live in different Lorentz gauge orbits.
On the other hand, we have mentioned about transfor-
mations that leave the Riemann tensor or Ricci scalar
invariant, (III.2) and (III.3) respectively. From a geo-
metric point of view, the connections are meant to be
defined up to a “gauge transformation”of the form (III.2)
as long as the new connection enjoys the same index sym-
metry properties as the old one. For instance, the Levi-
Civita connection is symmetric in its two lower indices
and if we apply the transformation (III.2) the symmetry
in the two indices will be broken resulting in a new con-
nection with torsion and non-metricity. The connections
obtained in this work do not have a particular definite
symmetry on their indices, and thus, transformations of
the form (III.2) might be considered. However, none of
our connections are related in this sense, since there is
no combination of vielbein that produces a non-trivial
scalar as in the last term of (III.2). The only transfor-
mation relevant for us is (III.3). In this case there are
connections that are related as we have explicitly shown
in (III.20). Despite of this, the geometric properties de-
6fined by
(i)
Γ˜ are different from
(i)
Γ : Clearly,
(i)
Γ˜ yields non-
trivial non-metricity while
(i)
Γ does not. Also, the form of
the Riemman tensor for these connections are different
since the d2 term does not decouple from the Riemman
tensor (see (IV.1)).
Having clarified the gauge redundancy issue, the interpre-
tation we are giving to the new connections is that they
are deformed versions of the Weitzenböck connection [21].
Given two connections Γ1 and Γ2 we can always relate
them by a tensor. Take Γ1 =W +w1 and Γ2 = W + w2
as in the decomposition (II.10). Since w is a tensor under
diffeomorphisms, we obtain Γ1 = Γ2 + (w1 − w2). Thus,
Γ1 and Γ2 are related by a tensor and we say Γ1 is a de-
formed version of Γ2. In this work, what we did is to find
those w parametrized by (II.11) such that Γ1 =W +w is
a deformation of Γ2 = W and reproduce the same action
(or equations of motion) for the vielbein.
V. EQUATIONS OF MOTION
In this section we will obtain the equations of motion for
the vielbein in terms of quantities associated to the con-
nections we have obtained in the previous sections.
As a warm-up, we first obtain the equations of motion in
the teleparallel case (i.e.
(4)
w ab
c = 0) as it is usually done
in the literature. However, we will apply a more general
procedure in (VB) that will include the Weitzenböck case
as a particular case.
A. Weitzenböck case
We are interested in the right hand side of (II.15) using
planar indices and the Weitzenböck connection
(4)
w ab
c =
0. For metric-compatible connections the non-metricity
tensor vanishes, thus the only contribution to the action
comes from the contorsion tensor, i.e. Cab
c = Kab
c. Ex-
panding in terms of the torsion we get:
(4)
Kab
c
(4)
K c
ab −
(4)
K cb
c
(4)
Ka
ab =
= −1
4
(4)
T abc
(4)
T abc − 1
2
(4)
T abc
(4)
T acb +
(4)
T ab
b
(4)
T acc. (V.1)
Where we recall that
(4)
T ab
c = −τabc. Since the Rie-
mann tensor associated to the Weitzenböck connection
vanishes, we expect to find equations of motion in
terms of only Tab
c. The right hand side of (II.15) thus
gives:∫
dx4e
(
− 1
4
(4)
T abc
(4)
T abc − 1
2
(4)
T abc
(4)
T acb +
(4)
T ab
b
(4)
T acc
)
=
=
∫
dx4e
(
− 1
2
(4)
T̂ abc
(4)
T abc
)
. (V.2)
Here e =
√−g and in the last line we have introduced
the tensor T̂abc known as the superpotential
Tˆabc = Kcba + ηacTbd
d − ηbcTadd
=
1
2
(
Tabc + 2T[a|c|b] + ηacTbd
d − ηbcTadd
)
. (V.3)
The superpotential satisfies T̂abc = 2T̂[ab]c. Due to this
property the variation of the lagrangian is easier to per-
form:
δe
(
− 1
2
e
(4)
T̂ abc
(4)
T abc
)
=
1
2
eedµδe
dµ
(4)
T̂ abc
(4)
T abc
− e
(4)
T̂ abcδe
(4)
T abc, (V.4)
where
−e
(4)
T̂ abcδe
(4)
T abc = e
(4)
T̂ abc
(
2δea
µedµΩ
d
bc + τab
ded
µδecµ
+ 2Daδeb
µecµ
)
(V.5)
Since the last term of (V.5) is antisymmetrized on indices
(a, b) we can use:
2D[aAb] = 2
({})
D[aAb] + 2
({})
w [ab]
cAc, (V.6)
where
({})
DaAb = DaAb −
({})
w ab
cAc. When substituting
(V.6) in (V.5) we see that the second term in the right-
hand side of (V.6) cancels the τ term in the first line of
(V.5) since 2
({})
w [ab]
c = τab
c and δeaµe
bµ = −eaµδebµ. We
proceed to use the product rule:
e
(4)
T̂ abc2
({})
Daδeb
µecµ =
= 2e
({})
Da
((4)
T̂ abcδeb
µecµ
)
− 2e
({})
Dc
(4)
T̂ cadδea
µedµ
− 2e
(4)
T̂ abcδeb
µ(−eeµΩaec −
({})
w ac
eeeµ). (V.7)
The first term on the right-hand side of (V.7) yields a
total derivative and the last line of (V.7) comes from
expanding
({})
Daecµ. Putting all together we have
δe
(
− 1
2
e
(4)
T̂ abc
(4)
T abc
)
=
=
1
2
eedµδe
dµ
(4)
T̂ abc
(4)
T abc + 2eδea
µedµ
((4)
T̂ abcτdbc
−
({})
Dc
(4)
T̂ cad +
(4)
T̂ bac
({})
w bc
d
)
, (V.8)
up to a total derivative. The Ω term of (V.7) combines
with the Ω term of (V.5) to form the τ term in the second
line of (V.8). The equations of motion are simply:
2
({})
Dc
(4)
T̂ cab + 2
(4)
T̂ acd
((4)
T b
cd −
(4)
K cdb
)
− 1
2
ηab
(4)
T cde
(4)
T̂ cde = 0.
(V.9)
7Here we have used
(4)
T ab
c = −τabc and
(4)
Kab
c =
−({})w abc.
B. Generic case
In the previous subsection we obtained the equations of
motion by varying the right hand side of (II.15). This is
our goal here too. However, the variation procedure of
the preceding subsection depends heavily on the form of
the torsion with respect to the vielbein and if we perform
that procedure for the new connections it is not easy
to see how to rearrange terms in meaningful quantities.
In the Weitzenböck case, the equations of motion are
fully described in terms of the torsion since there is no
curvature. In the case of the new connections, all of them
have non-zero curvature and we expect the Ricci tensor
to appear in the equations of motion. Therefore, we will
follow here a different route to derive the equations of
motion for our generic connections, and in particular, it
will yield the equations of motion for the Weitzenböck
case (V.9).
We start with the following action,
S =
∫
eR(Γ)dx4, (V.10)
where R(Γ) = gµνRµρν
ρ(Γ). We are assuming that Γ
is written in terms of first-order derivatives of the viel-
bein. We now vary the action with respect to the viel-
bein,
δS =
∫
δeR(Γ)dx4
+
∫
eδgµνRµρν
ρ(Γ) +
∫
egµνδRµρν
ρ(Γ). (V.11)
The first term of (V.11) is as usual,
−
∫
eeaµR(Γ)δe
aµ. (V.12)
The second term of (V.11) gives:
2
∫
eR(µ|ρ|ν)
ρ(Γ)eaνδea
µ. (V.13)
The third term of (V.11) can be decomposed as follows.
We use the decomposition for Γ as given by (II.3) imply-
ing a decomposition for the Riemann tensor (II.7). Thus,
we obtain:∫
egµνδ
(
Rµρν
ρ({}) + 2
({})
∇ [µCρ]νρ + 2C[µ|λ|ρCρ]νλ
)
(V.14)
The variation of the first term of (V.14) is obtained by
varying (II.2) with respect to Γ with Γ being the Levi-
Civita connetion. The result is:∫
egµν
({})
∇ [µδ
({})
Γ σ]ν
σ = 0. (V.15)
Which yields zero, since it is a total derivative. The
second and third term of (V.14) can be rewritten as fol-
lows:∫
egµν δ
(
2
({})
∇ [µCρ]νρ
)
=
= δ
(∫
egµν (2
({})
∇ [µCρ]νρ)
)
−
∫
δegµν (2
({})
∇ [µCρ]νρ)
−
∫
eδgµν (2
({})
∇ [µCρ]νρ), (V.16)
and∫
egµν δ
(
2C[µ|λ|
ρCρ]ν
λ
)
=
= δ
(∫
egµν (2C[µ|λ|
ρCρ]ν
λ)
)
−
∫
δegµν (2C[µ|λ|
ρCρ]ν
λ)
−
∫
eδgµν (2C[µ|λ|
ρCρ]ν
λ). (V.17)
Putting all together
δS =
∫
e
(
gµν
(
−R(Γ) + 2
({})
∇ [σCρ]σρ + 2C[σ|λ|ρCρ]σλ
)
+
+ 2R(µ|ρ|ν)
ρ(Γ)− 2
({})
∇ (µC|ρ|ν)ρ + 2
({})
∇ ρC(µν)ρ
− 2C(µ|λρCρ|ν)λ + 2CρλρC(µν)λ
)
ea
νδeaµ+
+ δ
(
2
∫
eC[µ|λ|
ρCρ]
µλ
)
.
(V.18)
Since we are dealing with Γ’s such that the Ricci scalar
vanishes then the action (V.10) vanishes. This implies
that δS = 0 off-shell. Therefore, the the right hand side
of (V.18) must vanish identically. On the other hand, the
last term of (V.18) is equal to the variation of the right
hand side of (II.15) and we need to impose this variation
to vanish in order to obtain the equations of motion. So,
the resulting (equivalent) equations of motion are:
2R(µ|ρ|ν)
ρ(Γ) + gµν
(
2
({})
∇ [σCρ]σρ + 2C[σ|λ|ρCρ]σλ
)
− 2
({})
∇ (µC|ρ|ν)ρ + 2
({})
∇ ρC(µν)ρ − 2C(µ|λρCρ|ν)λ
+ 2Cρλ
ρC(µν)
λ = 0, (V.19)
where we have used R(Γ) = 0. Equivalently, in flat in-
dices the equations of motion are:
2R(a|c|b)
c(w) + ηab
(
2
({})
D[dCc]
dc + 2C[d|e|
cCc]
de
)
− 2
({})
D(aC|c|b)
c + 2
({})
DcC(ab)
c − 2C(a|ecCc|b)e
+ 2Cce
cC(ab)
e = 0. (V.20)
8Equations (V.19) and (V.20) are the equations of motion
for the general case (I.1) and (II.11) respectively. In the
case of metric-compatible connections only the contorsion
tensor contributes to Cab
d. In this case, and after some
manipulations, equation (V.20) gets the form:
2R(a|c|b)
c(w) + 2
({})
DcT̂
c
ab + 2T̂ acd
(
Tb
cd −Kcdb
)
− 1
2
ηabTcdeT̂
cde +
({})
DcTab
c + 2
({})
D[aTb]c
c
+ T[b
cdT|cd|a] − TabcTcdd = 0, (V.21)
where T̂ab
c was defined in (V.3). It is easy to see that
(V.21) reduces to (V.9) for the Weitzenböck case,
(4)
w ab
c =
0, Rabc
d(
(4)
w ) = 0,
(4)
T ab
c = −τabc, with the help of the
following identity:
({})
Dcτab
c + 2
({})
D[aτb]c
c − τ[bcdτ|cd|a] + τabcτcdd = 0, (V.22)
As a final remark, we have verified that when plugging
the connections (III.10)-(III.13) inside equations (V.21)
reproduce the same equations of motion for the vielbein
as in teleparallel gravity or Einstein gravity.
VI. SUMMARY
We have analyzed conditions on a generic connection (I.1)
in order to reproduce equivalent formulations to Einstein
Gravity. We have found in section (III A) that there are
only four metric-compatible connections that satisfy the
conditions, one of them being the Weitzenböck connec-
tion. In this sense we are obtaining Teleparallel Gravity
as a particular case. For a generic case that includes
both torsion and non-metricity, there seems to be an
infinite amount of solutions. In section (III B) we an-
alyzed a particular case of a Weyl space with Weyl’s
vector being proporcional to
(W )
T µ
σ
σ (the vector part of
the Weitzenböck torsion). The connections (III.20) have
torsion and non-metricity and are related to the metric-
compatible ones (III.10)-(III.13) through the transfor-
mation (III.3). Our generic connections (except for the
Weitzenböck one) present non-vanishing curvature, tor-
sion and non-metricty so the dynamics of the theories,
defined by these connections, is represented by a mixture
of those quantities. This can be seen in the equations of
motion (V.19) (or (V.20)) where the Ricci tensor, torsion
and non-metricity enters in a non-trivial way.
In our approach, we have the local Lorentz group broken
(except for actions and equations of motion) and the in-
terpretation we are giving is that the new connections are
deformed versions of the Weitzenböck connection defined
over parallelizable spacetimes. Of course, in this work we
just analyzed the equivalence with Einstein Gravity in
vaccum (no source terms coupled). So, the theories de-
fined here, using different connections, are candidates for
a complete equivalence to Einstein Gravity when sources
are added. In the case of the Weitzenböck connection,
there is a complete equivalence with Einstein Gravity
when sources are included (see [22]). We leave for future
work a complete discussion of matter coupling, interpre-
tation of the gravitational force acting on particles and
geodesics.
As a final remark, we believe our procedure here could be
applied to DFT in order to find other connections deter-
mined in terms of the physical fields. However, notions
of contorsion and non-metricity should be defined first in
order to find a suitable decomposition as in (II.3). We
also leave this issue for future work.
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